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‘Likeliness	or	intensity’	of	the	transiAon		
is	given	by	the	oscillator	strength:	
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Excitons	

ConducAon	band	

Valence	band	

In	the	excited	state,	quasiparAcles	can	form	
with	finite	lifeAmes	called	excitons.	

	
The	total	energy	of	the	excited	system	is	lowered	

by	the	electron-hole	Coulomb	interacAon	
p = ~(kf � ki)

✏f � ✏i � Eeh



Bethe	Salpeter	EquaAon	(BSE)	
Ĥ (r1, ..., rN ) = E (r1, ..., rN )
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⌃ = iGW At	this	point	we	have	quasiparAcle	energies	and	wave	
funcAons	including	many	body	e-e	interacAons	in	the	GW	
approximaAon.	

With	the	BSE	we	include	e-h	interacAons	into	the	electronic	descripAon.	OTen	
necessary	to	improve	the	calculated	opAcal	spectra	w.r.t.	experiment.	

It	introduces	higher	order	interacAon	diagrams	and	improves	the	electronic	descripAon	
systemaAcally	on	top	of	GW.			
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E.E.	Salpeter,	H.A.	Bethe,	Phys.	Rev.	84,	1232	(1951),		L.J.	Sham,	T.M.	Rice,	Phys	Rev.	144,	708	(1966)	

The	Bethe-Salpeter	equaAon	is	solved	for	the	PolarizaAon	propagator	in	the	
frequency	domain	given	by	a	Dyson-like	equaAon:	

Independent	quasiparAcles	(IQP)	



Product	basis	of	occupied	and	unoccupied	orbitals	to	express	the	quasiparAcle	
(excitonic)	wave	funcAon:	
	
	

BSE	conAnued	
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(Tamm-Dancoff	approximaAon)	

Instantaneous	screening: 	 	 						(staAc	screening)	
	 	 	 	 	(dynamical	effects	are	excluded)		

Remarks	

W (! ! 0)

Physically	intuiAve	picture	of	interacAng	e-h	pairs.	

!+
IP = ✏c � ✏v � 0

!�
IP = ✏v � ✏c  0

Overview	of	BSE	theory:	G.	Onida	et	al.,	Rev.	Mod.	Phys.	74,	601	(2002)		



BSE	EVP	

S.	Albrecht	et	al.	PRL	80,	4510	(1998)	|	G.	Onida	et	al.,	Rev.	Mod.	Phys.	74,	601	(2002)	|F.	Fuchs	et	al.,	Phys.	Rev	.B	78,	085103	(2008)		
	

InteracAon	with	each	other	by	two	terms:	a
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Ĥ
cv

c0v0(k,k
0)An

c0v0(k
0)dk0 = E

n
A

n

cv
(k)

Ĥ
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Direct	

P = PIQP + PIQP(�̄ �W )P
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Problem	can	be	formulated	as	an	eigenvalue	problem	(EVP):		
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Exchange	

Scagering	and	annihilaAon/creaAon	
processes	



BSE	EVP	
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DiscreAzaAon	on	(some)	grid	gives	the	generalized	eigenvalue	problem	to	solve:	
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Build	matrix	based	on 	 	 	 	,	diagonalise	and	obtain 																		.		{En, An
cvk}{EIQP , DFT , ✏RPA(r, r

0,!)}





Typical	BSE	calculaAon	

1.  Preform	a	ground	state	DFT	or	Hybrid	calculaAon	

2.  Increase	the	number	of	unoccupied	orbitals	

3.  Preform	a	GW	calculaAon	(keeping	orbitals	fixed)	and	calculate	the	

quasiparAcle	energies	and	screened	Coulomb	kernel.		

(Keep	the	Wxxx.tmp	and	WFULLxxx.tmp	files)	

4.  Preform	BSE	calculaAon	(dielectric	funcAon	will	be	wrigen	in	vasprun.xml)	
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Beyond the Tamm-Dancoff approximation for extended systems using exact diagonalization

Tobias Sander, Emanuele Maggio, and Georg Kresse
University of Vienna, Faculty of Physics and Center for Computational Materials Science, Sensengasse 8/12,

A-1090 Vienna, Austria
(Received 27 November 2014; revised manuscript received 22 June 2015; published 20 July 2015)

Linear optical properties can be accurately calculated using the Bethe-Salpeter equation. After introducing a
suitable product basis for the electron-hole pairs, the Bethe-Salpeter equation is usually recast into a complex non-
Hermitian eigenvalue problem that is difficult to solve using standard eigenvalue solvers. In solid-state physics, it
is therefore common practice to neglect the problematic coupling between the positive- and negative-frequency
branches, reducing the problem to a Hermitian eigenvalue problem [Tamm-Dancoff approximation (TDA)]. We
use time-inversion symmetry to recast the full problem into a quadratic Hermitian eigenvalue problem, which
can be solved routinely using standard eigenvalue solvers even at a finite wave vector q. This allows us to access
the importance of the coupling between the positive- and negative-frequency branch for prototypical solids. As a
starting point for the Bethe-Salpeter calculations, we use self-consistent Green’s-function methods (GW), making
the present scheme entirely ab initio. We calculate the optical spectra of carbon (C), silicon (Si), lithium fluoride
(LiF), and the cyclic dimer Li2F2 and discuss why the differences between the TDA and the full solution are tiny.
However, at finite momentum transfer q, significant differences between the TDA and our exact treatment are
found. The origin of these differences is explained.

DOI: 10.1103/PhysRevB.92.045209 PACS number(s): 71.35.−y, 78.20.−e, 78.40.−q

I. INTRODUCTION

The study of optical properties of condensed matter and
molecular systems is a field of growing interest, not least
because of the emerging importance of renewable energies
and the requirement to accurately predict the optical properties
of novel composite materials and nanostructures. Time-
dependent density functional theory (TDDFT) has certainly
been the most widely used approach to date, although it
is not without problems. In TDDFT, an effective two-point
Dyson-like equation relates the density response function
of the noninteracting Kohn-Sham system χ0(r,r′,t − t ′) to
the (linear) density response function of the interacting
system χTD(r,r′,t − t ′): χTD = χ0 + χ0(v + fxc)χTD [1]. The
“interaction” terms are described by the Coulomb kernel
v and the exchange-correlation kernel fxc. Unfortunately,
though, the interaction kernel does not allow for a systematic
improvable expansion of the microscopic particle-particle
interaction as would be the case, e.g., for Green’s-function
methods. Furthermore, or rather resultantly, only few two-
point kernels, fxc(r,r′,t − t ′), yield a satisfactory description
of excitonic effects [2,3]. Among them, the most successful
approximate kernels are the nanoquanta kernel [4–6], the
bootstrap kernel of Sharma [7], and kernels based on the
jellium with a gap [8]. The nanoquanta kernel requires one
to explicitly calculate the two-electron four-orbital integrals,
making it almost as expensive as the methods discussed below,
whereas the latter two are yet not satisfactorily derived from
first principles and fail to describe bound excitons accurately
[7].

Alternative descriptions rely on the so-called Bethe-
Salpeter equation (BSE). After some manipulation, the
conventional Bethe-Salpeter equation—known from nuclear
theory—can be cast into a Dyson-like equation,

P = P0 + P0IP,

where P (1,2,3,4) is the four-point time-ordered polarization
propagator and I denotes the interaction kernel [9], and we use
the common notation for space and time points 1 = (r1,t1).
This equation resembles the response equation for χTD from
TDDFT, where P can be regarded to be a generalized linear
density matrix response function to a nonlocal perturbation
(cf. Eq. (63) in Ref. [10]).

Obviously, manipulation of such four-point quantities is
much more involved than the simpler TDDFT two-point
quantities. In practice, the polarization propagator P (1,2,3,4)
is expressed in a suitable two-orbital basis made up of all
relevant combinations of electron and hole pairs. Furthermore,
the electron-hole interaction kernel I is approximated by
the Coulomb kernel v and a static (or, more correctly,
instantaneous) screened interaction W . This static approx-
imation is commonly applied to simplify the calculations.
Inclusion of frequency-dependent kernels is possible and,
e.g., important for the description of double excitations,
but computationally much more demanding [11,12]. Also,
it has been shown that quasiparticle (QP) renormalization
effects cancel against dynamical effects in the interac-
tion kernel [11]. Hence, neglecting dynamical effects as
done throughout this work is expected to yield accurate
results.

The excitation energies are determined by calculating the
resolvent of the polarization propagator. This usually requires
the diagonalization of a large matrix, where the matrix
dimension equals the number of occupied states times the
number of unoccupied states. Formally, the solution of this
equation is then entirely equivalent to solving the so-called
Casida equation for time-dependent DFT and time-dependent
Hartree-Fock [13]. For hybrid functionals, the only difference
is that in Casida’s equation, the screened interaction W
between electrons and holes is replaced by the Coulomb kernel
v “screened” by the mixing parameter α. The mixing parameter
α determines how much of the nonlocal exchange is included
(in most cases, α = 1/4).

1098-0121/2015/92(4)/045209(14) 045209-1 ©2015 American Physical Society

All	details	about	the	BSE	ImplementaAon	in	VASP	5.4.1:	



INCAR	Tags	and	links	

ALGO	=	BSE 	Turn	on	BSE	calculaAon	
ANTIRES	=	0/1/2 	0:	Tamm-Dancoff	approximaAon	

	 	1:	exact	at	omega	=	0	
	 	2:	Beyond	TD		

NBANDSO	=	n 	Number	of	occupied	bands	included	(INTEGER)	
NBANDSV	=	m 	Number	of	unoccupied	bands	included	(INTEGER)	
OMEGAMAX	=	x.x 	Maximal	frequency	included	in	BSE	basis	(REAL	[eV])	
	
	
	
	
BSE	Bethe-Salpeter	calculaAons	in	the	Vasp	manual	
	
	

OMEGAMAX	
Band	gap	

E

k

Truncate	your	e-h	product	basis	or	face	MEMORY	shortage!	



Example	Silicon	
AbsorpAon	spectrum	is	given	by	the	Imaginary	part	of	the	dielectric	funcAon	
in	the	long	wave	length	limit.	

✏(!)



Example:	Exciton	in	MAPbI3	

Band	gap	at	different	levels	of	theory:	

�opt �EXP
opt Exb EEXP

xb �GW �DFT �ws
DFT Vol.

(eV) (eV) (meV) (meV) (eV) (eV) (eV) (Å
3
)

MAPbI3 1.63 1.52-1.67 45 6-55 1.67 0.77 1.69 251.60

M.Bokdam	et	al.,	ScienAfic	Reports,	6,	28618,	(2016)	

Exb = EGW � EBSE�opt = �GW � Exb

Which	quasiparAcle	energies	should	be	used?	

The	shiT	in	the	onset	of	absorpAon	is	the	relevant	quanAty.	

BSE	calculaAons	become	more	expensive	for	small	gap	semi	
conductors	with	high	dielectric	constants.	The	e-h	
interacAon	is	heavily	screened	and	the	extent	of	the	exciton	
wave	funcAon	is	large.	
->	Large	supercells	/	dense	k-point	meshes	are	required.	



Example	MAPbX3	
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Even	though	band	gap	not	at	R,	
	
exciton	is	centered	at	R:	

M.Bokdam	et	al,	ScienAfic	Reports,	6,	28618,	(2016)	



Model	BSE	calculaAons:	Excitons	

Truncate	BSE	basis:		•  TDA	
•  2	conducAon/valence	bands	
•  q=k-k’=0	

3.	

1.	 Start	from	DFT	orbitals	+	SCISSOR	to	get	GW0	gap	

Model	Screened	Coulomb:	

is	replaced	by	local	model	dielectric	
response	funcAon.	

2.	

Converge	Exb	with	increasing	grid	and	linearly	extrapolate	Exb	to	infinite	k-points.	4.	

M.Bokdam	et	al,	ScienAfic	Reports,	6,	28618,	(2016)	
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Model	BSE	calculaAons:	Excitons	

M.Bokdam	et	al,	ScienAfic	Reports,	6,	28618,	(2016)	
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Extrapolate	to	infinite	k-pint	grids	
F.	Fuchs	et	al.	Phys.	Rev.	B	78,	085103	(2008)	

Example:	FASnI3	



INCAR	Tags	and	links	
ALGO	=	BSE 	Turn	on	BSE	calculaAon	
ANTIRES	=	0/1/2 	0:	Tamm-Dancoff	approximaAon	

	 	1:	exact	at	omega	=	0	
	 	2:	Beyond	TD		

NBANDSO	=	n 	Number	of	occupied	bands	included	(INTEGER)	
NBANDSV	=	m 	Number	of	unoccupied	bands	included	(INTEGER)	
OMEGAMAX	=	x.x 	Maximal	frequency	included	in	BSE	basis	](REAL	[eV])	
	
AlternaAvely,	the	Cassida	EquaAon	or	ModelBSE:	
	
ALGO	=	TDHF 	 	 	Turn	on	BSE	calculaAon	
LHFCALC	=	.TRUE.	 	 	Turn	on	model	screening	
AEXX	=	0.3	;	HFSCREEN	=	0.2 	(Typical	values,	for	modelBSE	these	parameters	

	 	 	 		need	to	be	determined	by	fivng	to	a	preceding	RPA	
	 	 	 		calculaAon.)	

	
BSE	Bethe-Salpeter	calculaAons	in	the	Vasp	manual	
	
	



The	End	

Thank	you!	


