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Density functional theory

Translational invariance and periodic boundary conditions

Plane wave basis set
The Projector-Augmented-Wave method

Electronic minimization



The Many-Body Schrodinger equation

B! (re,...,rx)= E! (r1,...,rn)

(iZA@ + ZV(ri)+ Z r-lr-) U(ry,...,ry) = EVY(ry,...,rN) :

17

For instance, many-body WF storage demands are prohibitive:

l (r1,...,rN ) (#grid points) N

5 electrons on a 10! 10! 10 grid ~ 10 PetaBytes !

A solution: map onto “one-electron” theory:

U(ry,....ry) ! {1(r), ¥o(r), ..., N (r)}



Hohenberg-Kohn-Sham DFT

Map onto “one-electron” theory:

U(ry,...ry) ! {i1(r), Yo(r), ..., ¥n(r)}  U(ry,...ry) = H! i (1)

Total energy is a functional of the density:

Elt]= TJ{":['}]1+ Ealt]+ Exl' ]+ Ez[']+ UlZ]

The density is computed using the one-electron orbitals:
N
p(r) = Y [hi(r)?
)
The one-electron orbitals are the solutions of the Kohn-Sham equation:

(1 30+ Vo) + Valole) + Vaelpl(r) ) s() = i)

BUT:
Exclp] =777 Vae[p)(r) =777



Exchange-Correlation

Exclp] =777 Vae[p](r) =777

Exchange-Correlation functionals are modeled on the uniform-electron-gas (UEG):
The correlation energy (and potential) has been calculated by means of Monte-

Carlo methods for a wide range of densities, and has been parametrized to yield a
density functional.

LDA: we simply pretend that an inhomogeneous electronic density locally behaves
like a homogeneous electron gas.

Many, many, many different functionals available:
LDA, GGA, meta-GGA, van-der-Waals functionals, etc etc



An N-electron system: N = O(10%3)

Hohenberg-Kohn-Sham DFT takes us a long way:

U(ry,....rn) b {i(r), Ya(r), ..., YN (r) }
(#grid points) " N (#grid points)

Nice for atoms and molecules, but in a realistic piece of solid state material N= O(10%3)!



Translational invariance:
Periodic Boundary Conditions

L

Translational invariance implies:

Lk (r +R) =1 ¢ (r)e'kR

and

Yk (1) = Unk ()™

unk(r + R) = unk(r)

e 22

All states are labeled by !"#$%&'($)#* and the +,-.&/-.(0 n:

The Bloch vector ! is usually constrained to lie within the first Brillouin zone
of the reciprocal space lattice.

The band index -&s of the order if the number of electrons per unit cell.



Reciprocal space & the first Brillouin zone
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Sampling the 15 BZ

The evaluation of many key quantities involves an integral over the 15t BZ.
For instance the charge density:

p(r) = E' Frclni (@) [2dk

, BZ

We exploit the fact that the orbitals at Bloch vectors ! that are close together are

almost identical and approximate the integral over the 15t BZ by a weighted sum
over a discrete set of | -points:

Zkank nk ( | dk,

Fazit: the intractable task of determining ! (ry,...,ry ) with N=10%, has been
reduced to calculating ¢ (r) at a discrete set of | -points in the 15 BZ, for a
number of bands that is of the order if the number of electrons in the unit cell.



|dea: equally spaced mesh in the 15t Brillouin zone

Kprs = upby + u,pbo + ugbg

2r—q,—1
L?‘zl,?

Up = ="

seeesdr

b; reciprocal lattice-vectors
q, determines number of
k-points in r-direction

Example: a quadratic 2D lattice
" q,=0,=4, /1(]116 points in total
" Only 3 symmetry inequivalent points:
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Algorithm:

Calculate equally spaced mesh.

" Shift the mesh if desired.

Apply all symmetry operations of the Bravais lattice to all ! -points.
Extract the irreducible ! -points (IBZ).

Calculate the proper weighting.

Common meshes: Two different choices for the center of the mesh.

Centeredon T
Centered around I (can break the symmetry!)



before after shifted to
symmetrization >

L d
'ﬁ

In certain cell geometries ((12Ihexagonal cells) even meshes break the symmetry.

Symmetrization results in non-uniform distributions of ! -points.

[-point centered meshes preserve the symmetry.
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The total energy

The kinetic energy
[} 1
{| nk E wkfnk” §A’I nki

The Hartree energy
1 lez(r)lez(r')

Eull {R,Z}] = > P dr'dr
where
lez (D) =1(N)+  Z"(r! Ry) ZWK nk |¥nk (r
i
The Kohn-Sham equations
(~50 + Vil ez)(0) + Vel 1)) e (1) = #h” i (1)
The Hartree potential
Vh [lez](r) = Mdr!

v — x|

)|2dk



A plane wave basis set

wnk (I‘) = Unk (r)eikr Uk (r + R) - unk(r)

All cell-periodic functions are expanded in plane waves (Fourier analysis):

1 ! 1 Gr 1 ! .
Uk (r) = 02 Cank€'® Ik (r) = NE Conke (G +k)r
G G
p(r) = ZpGez‘Gr V(r) = ZVGeiGr
G G

The basis set includes all plane waves for which

1
516 + KI? < E curo

Transformation by means of FFT between “real” space and “reciprocal” space:

— ! iG FT — 1 - 1 iG
Crnk - CGnkeI ' V:F CGnk - Crnke 1T

G Nerr



Why use plane waves?

Historical reason: Many elements exhibit a band-structure that can
be interpreted in a free electron picture (metallic s and p elements).
Pseudopotential theory was initially developed to cope with these
elements (pseudopotential perturbation theory).

Practical reason: The total energy expressions and the Hamiltonian
are easy to implement.

Computational reason: The action of the Hamiltonian on the orbitals
can be efficiently evaluated using FFTs.
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FFT

real space reciprocal space

D)

cut

sz
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171 bl
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FFT

real space reciprocal space

P

cut

2
VARV/E\VARY,
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real space

FFT

N-1 0

reciprocal space

D)

cut

b
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The charge density
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The action of the Hamiltonian

The action H|! )
AV )
Using the convention

1
! 1/2

|G + k) = —55e T 5 (G +K|! k) = Cg nk

Kinetic energy: . .
1G + k|" 5! ! nk#:§’G + K|*Cgnk Nnpiw

Local potential: V = V4[p] + Viclp]l + Vext

Exchange-correlation: easily obtained in real space Vycr = Vic[! (]

FFT to reciprocal space {Vic . }'! {Vxc.c} 21
Hartree potential: solve Poisson eq. in reciprocal space Vh G = @G
Add all contributions Vg = Vy g + Vic.a + Vext.G

" FFT toreal space {Vg} — {V;}

The action

Z ‘/vrcfrnke_iGr NFFT lOg NFFT



The action of the local potential
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The Projector-Augmented-Wave method

The number of plane waves needed to describe

" tightly bound (spatially strongly localized) states,

and rapid oscillations (nodal features) of the orbitals near the nucleus
exceeds any practical limit, except maybe for Li and H.

The common solution:

" Introduce the frozen core approximation:
Core electrons are pre-calculated in an atomic environment and kept frozen
in the course of the remaining calculations.

Use of pseudopotentials instead of exact potentials:
" Norm-conserving pseudopotentials

Ultra-soft pseudopotentials

The Projector-Augmented-Wave (PAW) method
[P. E. Blochl, Phys. Rev. " 50, 17953 (1994)]



Pseudopotentials: the general idea




Pseudopotentials: cont.
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The PAW orbitals
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The PAW orbitals (cont.)

[ I Y (AT LT E I

"0l s the pseudo (PS) orbital, expressed in a plane wave basis set

|'i!, |1, and |g! are atom-centered localized functions

The all-electron partial waves are solutions to the radial scalar relativistic
non-spinpolarized Schrodinger equation:

1
(! 5 ¥ Ve[V i" = "i|ti"

A pseudization procedure yields:

[T Ve " Ve it =



The PAW orbitals (cont.)

" The pseudo partial waves obey:

+ +

! 1 qJ" :
LSl e+ IBDy Ay I = L
J

15"Qi #y | 1k

ij
" with the so-called PAW strength parameters and augmentation charges:

1
Dij = 1i]" SU + Ve [ # L E " 51+ b 2

Qi = !yl # Eidy

The all-electron and pseudo eigenvalue spectrum is identical!
All-electron scattering properties are reproduced over a wide

energy-range.



= Y

logarithmic derivative (arb. units)
[N

1
(! 5t Vert)|!i" =
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And we use the frozen core approximation:

Ve Pvl= VHv]l+ VR ze ]+ W[y + 1 (]

Vo Pv]= Ve [Wv]+ VR [ ze ]+ W[ty + 1]

()

(r) =

a;|" i (r)|°

ai|ti(n))?




The PAW orbitals (cont.)

! !!n! ! |&im 1" Cim 1 + I 1t L Cim

| . 1.90,2¢

AE pseudo“ pseudo-onsite AE-onsite

where Clme = <]5lme|¢n>

This decomposition in three contributions can be achieved for all relevant
quantities, (12Jrbitals, densities, and energies.



The kinetic energy

For instance the kinetic energy:

1
Exin = an!wnl "’ éAlwrﬁt
n

Inserting the PAW transformation (where /4"56):

! = bl + (101" |0 )Hi]n!

1

and assuming completeness of the one-center basis, we have

FEkin ZE—El—l—El

an<!~n’_%A“~n>_ZZ"ij <#| A‘#J +ZZ J

site (i ) 81te (ij )

1
#| §A\#j>

7

~"~ \ J/
E

£
Where
an |pz pjl n>

are the one-center occupanues, or on-site den5|ty matrix.

Ve

El



Local operators

To any (semi)-local operator 7, that acts on the true all-electron orbital,
the PAW method associates a pseudo operator:

A=A+ |g) (ailAlgy) — (@IAIE) (B
ij
that acts on the pseudo-orbital, such that

Pl AJg" = 1| A"
For instance the PS operator associated with the density operator (|r!"r|)
r)(x] + Z 15i) (@112 (xl6;) — (Bilx) (x16,) ) (5]
and the density
I R L LA | R R P PO LR TRt e R P

ij

#(r) # #(r) + #(v)

Non-local operators are more complicated.



The Hartree energy

The PS orbitals do not have the same norm as the AE orbitals inside of
the PAW spheres.

To correctly describe the long-range electrostatic interactions between the
PAW spheres, a soft $#58(-3,)/#- charge is introduced in the spheres (like

§§' o %9
®e o

Cel ©O¢

pseudo +/compens. pseudo+comp. onsite AE-o

Enlp+p—> Enlp' +5'1+ > Enlp']

sites sites

This way the Hartree energy (a non-local operator!) decomposes in the same
manner as a (semi)-local operator:



The PAW total energy

The same three-way decomposition holds for the total energy

E=FE! Bl+ E!
where

5 . 1. . - L
E:anwnr' §A|wn#+Exc[,0+p+pc]+
n

Bulp+ i+ / on [2e] (5(F) + p(r)) & + U(R, Zion)

~ T S
E1:§:{§:QH@F'§Am#+E%VL+P+%H‘

sites ™~ (i,j )

Bnl7 4 A1+ [ ol () 4 (0) o

E'=)" { > pileil” %Akbj #4 Exc [p! + pc]+

sites ™~ (i,j )

lﬂa[pll-ky[: vH[ﬂZa]pl(r)d3r}



The PAW total energy (cont.)

E is evaluated on a regular grid:

The Kohn-Sham functional evaluated in a plane wave basis set
with additional compensation charge to account for the incorrect norm
of the PS-orbitals and to correctly describe long-range electrostatics

1= PS charge density

Compensation charges

>

E' and E! are evaluated on atom-centered radial logarithmic grids:
The Kohn-Sham energies evaluated using localized basis sets
These terms correct for the difference in the shape of the all-electron
and pseudo orbitals:
) AE nodal features near the core
) Orthogonality between core and valence states

The essence of the PAW method: there are no cross-terms between
qguantities on the regular grid (PW part) and the quantities on the
radial grids (LCAO part)!



The PAW total energy (cont.)

The PS orbitals (plane waves!) are the self-consistent solutions of

! 1 . H v : + v
Dot Ve IBT(Dy )] = 1 QA ] e

] ]

where

— | ' n 1| 1 n 1 I (1] I 'I n 1' 1 Ir 1 |I

Dy = tH[" St +ve [V # R S+ b 1R #
Qi =il H b
and
!\%(I’) = !ij !'!ill’"!l’l'!j" !\%(I’) = !ij !"ill’"!l’l"j"

i i

with

pi = FaltnlBi" P [Un"
n

The PS orbitals are the variational quantity of the PAW method!
If the partial waves constitute a complete (enough) basis inside the PAW spheres,
The all-electron orbitals will remain orthogonal to the core states.



Accuracy of the PAW method

E A
A \/ [ AEX(V)dV
- AV code 2
meVI
code 1

v

0,0 0,0

S A(PAW) yasp) = 0.4 meV/atom e B A B

0,2 0,2 0,7 0,1 0,1 0,1

0,1 0,5

A-evaluation (PAW vs. FLAPW)
. Lejaeghere ()&,"1Critical Reviews in Solid State and Materials Sciences 39,1 (2014)



Accuracy of the PAW method (cont.)

Subset of the G2-1 testset of small molecules: deviation of PAW w.r.t. GTO (in kcal/mol)
10

o0}
[T

~ PBE(GO03)-PBE(V)
oo PBEO(G03)-PBEO(V)

atomization energy error [kcal/mol]
® & H NP O N » O

LiH CH HO SIH HCN CH,OH P, SO SiH

BeH CH, tH Mo H,CO" CO, “Si0 CIO ~ 80,

\AEAE\ < 1 kcal/mol.

-
=)




Electronic minimization:
Reaching the groundstate

Direct minimization of the DFT functional ((12Xar-Parrinello): start with a set of
trial orbitals (random numbers) and minimize the energy by propagating the orbitals
along the gradient:

| 2

Gradient: F,(r) = | V4V (r D) =" ()

N 2Me

The Self-Consistency-Cycle: start with a trial density, construct the corresponding
Hamiltonian. Solve it to obtain a set of orbitals:

| 2

! "2 Ve () A= #H"a(r) n=1,..,Ng/2

2Me

These orbitals define a new density, that defines a new Hamiltonian, ...
iterate to self-consistency



Direct minimization vs. SCC
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Direct minimization and charge sloshing

The gradient of the total energy with respect to an orbital is given by:

H TT" 1
|n! = fn 17 ! m# m| ]!+ SHmm (fn ™ Tm)|tm!

m

3

where
A

Hym = ! m“'q)l! n
unoccupied

Consider two states i > occupied

) I 1 ) |
! n — el(kp. k)r | m — ez(k;: —|—k)r

potential
and a small sub-space rotation slowly varying charge
(2" comp. of the gradient): 41e1G

strong change in potential
|

L L
L=+ sl =111,

This leads to a long-wavelength change in the density and a very strong change

in the electrostatic potential (charge sloshing):
ol 4 2| s4ne? ol e 4
op(r) =21 sRee? kT §Vy(r)= = _Reéd?'ka
p(r) 4= o
Stable step size As (for a simulation box with largest dimension L):

'k|! VL —= 1Vy! L2—> 1 s! 1L?



The Self-Consistency-Cycle (cont.)

Two sub-problems:

Optimization of {! ,}
Iterative Diagonalization
(12RMM-DIIS or
Blocked Davidson

Construction of !in
Density Mixing
(12Broyden mixer

/ trial-charge pin and trial-wavevectors v,

/

»

=

Y

set up Hamiltonian H (p;,)

Y

iterative refinements of wavefunctions {%, }

Y

new charge density pout = ). fn|tn (r)|?

Y

refinement of density pin, pout = NEW pin

no

AE <6

calculate forces, update ions




The self-Consistency-Cycle

A naive algorithm: express the Hamilton matrix in a plane wave basis and
diagonalize it:

H=IG|9[']|G'# diagonalizeH # {"i,#} i=1,.,Nger
Self-consistency-cycle:
o! Hpg! 1t |1:f(|0,'|)' H,!
lterate until: 1 = 1"
BUT: we do not need N eigenvectors of the Hamiltonian (at a cost of O(Nge2)).

Actually we only the N, lowest eigenstates of #, where N, is of the order
of the number of electrons per unit cell (N, << Ngg).

Solution: use iterative matrix diagonalization techniques to find the N, lowest
Eigenvector of the Hamiltonian: RMM-DIIS, blocked-Davidson, etc.



Key ingredients: Subspace diagonalization
and the Residual

Rayleigh-Ritz: diagonalization of the N, x N, subspace

Bom Bmk = | !;c(lppgnm B mk
with m m
Wom = !!n“'q’“m" Gm = !!n|§|!m"
yields N, eigenvectors |41 = B |! m! With eigenvalues €app-
m

These eigenstates are the best approximation to the exact N, lowest
eigenstates of # within the subspace spanned by the current orbitals.

" The Residual:
_ !ll nl@ln nll

IR n)! =(H" "app9)|! n! Lapp = ERTT

(its norm is measure for the error in the eigenvector)



Blocked-Davidson

" Take asubsetofallbands: {y,|n=1,..,N}= {vi|k=1,..,n}

Extend this subset by adding the (preconditioned) residual vectors
to the presently considered subspace:

{%/gi — K(H - Eapps)¢li’k =1, -->n1}

Rayleigh-Ritz optimization (“sub-space rotation”) in the 2n; dimensional
subspace to determine the n, lowest eigenvectors:

diag{! t/gi} —> {1 3k=1,..n4}
Extend subspace with the residuals of {v:}
{VElgelgé = K(H ! "appS)! Elk=1,..,n1}
Rayleigh-Ritz optimization = {¢¥{|k =1,..,n1}

" Etc...

The optimized set replaces the original subset:
{wlzn|k:177nl}—> {!nlnzl,..,nl}

Continue with next subset: {v;|k =ny + 1,..,n2}, etc, ...

After treating all bands: Rayleigh-Ritz optimization of {¢,|n=1,.., N}



Charge density mixing

We want to minimize residual vector

R[pin] = Pout [pin] — Pin
with
Pout (77) — Z wkfnk’wnk: (77)‘2

occupied

Linearization of the residual around the self-consistent density pq.
(linear response theory):

Rlp] = —=J(p — psc) J=1-y U

where $is the charge dielectric function.

Provided we have a good approximation for the charge dielectric function,
minimization of the residual is trivial:

R[pin] = Pout [pin] — pin = —J(pin — Psc) —> Psc = Pin T+ J_lR[Pin]



The charge dielectric function

Use a model dielectric function that is a 0.4

good initial approximation for most
systems 0.3

2
AMIX
J~' ~ G, = max( 2q , AMIN)
q? + BMIX 0.1

This is combined with a convergence accelerator

G (1/A%)

The initial dielectric function is improved using the information accumulated

in each electronic mixing step.



The End

Thank youl!



